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Exercise 1

Recall that @) satisfies AQ — Q + QP = 0 and the operator £ works on h

Ch=—i[(~A+1— Q" Y)h— p%@ﬂ*(h )l

. . . . . Reh
which can be rewritten into a matrix operator acting on (IIE h):
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Let 1 < p < 2* — 1, the functional
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attains its minimum at —%— where
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Show that the minimisation inequality
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reads as

c(Lym,m) = i(/nAQ)2+2(/nQ)2— (/nQp)z,

where ¢ = g7 [ QU = 55 [ IVQP = 5 [1QF > 0.
Hint: Notice that since (g)’ =0, (g)” — f? _ J;LQ and hence (g)// > 0 is equivalent to say
f"g—fg" > 0.

Exercise 2

Recall Q satisfies AQ —Q + QP =0 and L, = —A 4+ 1 — pQP~'. We consider the minimizing
problem

T = -lilf(L-i-f’ f)7
Ap={feH"||flz =1, (f.Q) =0, (f,2Q) = 0}.

The minimum is attained at function f. # 0, ||f«||r2 = 1 and (L4 fs, fx) = 0 = 7. Show
that there exists (fs, A, 8,7) among the critical points of the Lagrange multiplier problem

(L =N =6Q+7-2Q, |flle2=1, (f,Q)=(f2;Q)=0.



Exercise 3

Let 1<p<1+ % and hg € H, r(t) € H. Consider the linear system
Oth = Lh +r, h’t:(] = hyp.

Let h=f+igeH.
Show that:

e The linear flow maps from H to H.

o If r(t) = 0, the quantity (L4 f, f) + (L_g,g) is conserved by the homogeneous flow.

Exercise 4

Recall the NonLinear Schrédinger equation
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{ i0ru + Au |ulP~ u, (NLS)

U!t:o = uo(ﬁf%

and @ is the fundamental solution of AQ — Q + QP = 0.
Let Ao, 0,0 = (&, - ,fg), 0o = (63, - ,Gg) be real numbers. Show that the functions

)\5’%1@(/\0(0(90, t) — 6p))e!Co 0@ =0o)+(v(@:t)=70))
form a (2d + 2)-parameter family of solutions of (NLS), 1 < p < 2*—1, if the following relations
hold for § = (6%, --- ,69) and ~:
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Exercise 5

Recall the perturbed Cauchy problem of the (NLS):

4
0 + At = —[u Pt Wl = Q@) +cho(w), p< 14

We expand u® as

2 A
w(t,x) = (AT QNo(0 — o)) + hy + 2hg + - - ) !0 (0=00)F(=20))
t
hi = hi(1,0), 7= / MNedt', ©=X(0—6p),
0
where 6, satisfy (2), Ao = Ao(et), 0o = Oo(et), v0 = Yo(et), &o = &o(et) and hy € H for t > 0
and for any Ty > 0,

sup |leh1(t)|| g = ale), ale) > 0ase— 0. (3)
0<t<Tp/e

We substitute the above expansion of v with h; = h + hg into the perturbed Cauchy problem.
By comparing the terms of order €, show that

O;h=Lh+r, hleo=0, h=_(fg)



where
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r=(a,b)' + Lhg, a=-N"" "Xo( 1Q+®-VQ)+A5—1 6y - VQ,
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Exercise 6

Let 1<p<1+ %. Recall the Lyapunov functional

2
H(u) =2E(u) + M(u) = |Vu\2 — / |u]p+1 +/ ]u\Q
Rd P + ]. R4 Rd

Let ugp € H', and v € C(R; H') is the corresponding global solution of the Cauchy problem
of (NLS). We write ' 4
ult, z + (1) = e (Q(x) + h(t, ),

where () satisfies —AQ + Q = QP.
Show that

H(up) — H(Q) > (Ly+ Reh,Reh) + (L_Imh,Imh) — C(||h|I37 + ||2]|%),

with 6 > 0.
Hint: We use the mass and energy conservation laws to show

H(uo) — H(Q) = H(u(t, + (1)) — H(e"Q) = H(e"(Q + h)) - H(c"Q),

then use the elliptic equation —AQ + Q = QP.

Exercise 7

Let h = f +ig, f,g € R be the minimization of ||h||3,,, with the restriction ||Q + k||z2 = [|Q| 12,
where @ satisfies —AQ + Q = QP. Show that

/Qp—laijf dz =0, /ng dx = 0.



